Superfluid exciton density and superfluid transition (crossover) temperature are calculated for 2D excitons in large-size flat and harmonic traps. A generalized local density approximation for the Kosterlitz-Thouless theory is developed.
I. INTRODUCTION
Two-dimensional (2D) indirect exciton systems in coupled quantum wells (CQWs) [1] (or in single QW in strong normal electric field [2] ), in which electrons and holes are spatially separated, at low temperatures can possess condensation and superfluidity [1, 2, 3, 4, 5, 6] (or crystallization in some region of phase diagram [6, 7, 8] ), persistent electric currents and quasi-Josephson effects [9] , as well as interesting coherent optical phenomena [10] . There is a tremendous progress now in the observation of collective exciton properties in CQWs (see reviews [11, 12, 13, 14] ).
Due to the divergence of phase fluctuations, Bose condensation of excitons (possible in 3D systems [15] ) in extended 2D exciton systems at T = 0 is impossible [16] . But at low temperatures the system can possess quasilong (power-law) off-diagonal order [17] and superfluidity, which are destroyed by vortex pair dissociation and free vortex formation at Kosterlitz-Thouless (KT) temperature [18, 19, 20] . But Bose condensation is possible in finite 2D systems [21] . Besides, the trapping can increase the exciton density at fixed laser pumping, which leads to the growth of Bose condensation temperature. Several types of traps were proposed and experimentally realized: (i) "natural" traps created by (one-monolayer) well width fluctuations [22, 23, 24] ; and regular, controlled traps such as (ii) laser-induced traps formed inside the annulus of laser pump [25] , (iii) traps formed by an inhomogeneous deformation created by a needle stressing on the sample [26, 27] , (iv) mesa created by engineering width of layers or the barrier in CQWs, and (v) different kinds of electrostatic traps [12, 28, 29, 30] . The interesting optical properties of exciton collective state are observed in luminescence measurements [22, 23, 24, 25, 30, 31, 32, 33] (see also [11, 12, 13, 14] ).
In connection with the discussion above essential problems arose concerning the nature of exciton collective state in 2D traps: (i) How the phase fluctuations and vortices manifest itself in sufficiently large but finite traps? (ii) How the type of the confining potential influences on the superfluid density spatial distribution and its evolution with the temperature? These problems the present paper are mainly addressed to.
We describe quantitatively the superfluidity of 2D CQW excitons in 2D large-size flat trap by means of KT theory. For the investigation of the exciton superfluidity in 2D large-size harmonic trap we employ the local density approximation [34] and develop more correct generalized local density approximation for KT theory.
II. SUPERFLUIDITY OF 2D EXCITONS IN A LARGE-SIZE HARMONIC TRAP: THE LOCAL DENSITY APPROXIMATION
As the first step for study of 2D CQW exciton superfluidity in a large-size harmonic trap we use the local density approximation (LDA). LDA is valid if confining potential of the trap varies sufficiently slowly on all microscopical characteristic scales of the problem, particularly, related to phonon and vortex excitations in the exciton system. Therefore, in LDA exciton superfluid properties near the trap point R coincides with properties of the homogeneous infinite superfluid with total density n ∞ t being equal to the (total) exciton density n t (R) in the trap in the point R.
A homogeneous infinite exciton system at fixed temperature T is a superfluid at high total densities n ∞ t but it is a normal fluid at low n ∞ t . As total exciton density n ∞ t , when decreasing, goes through a critical onẽ n ∞ t corresponding to exciton temperature T the superfluid KT transition is occured in the system and superfluid exciton density n ∞ s vanishes by the universal jump n ∞ s = 2mT /π 2 [35] (m is the exciton mass). So, the trapped excitons in LDA are superfluid (normal) ones at the trap point R at which total exciton density n t (R) is greater (less) than the critical oneñ ∞ t , corresponding to exciton temperature T . Thus, in LDA at the sufficiently low temperatures at which the critical total exciton densityñ ∞ t is smaller than maximal one n m t = n t (0) the exciton system in a symmetrical harmonic trap is divided into a superfluid circle R < R s of a radius R s and normal ring R s < R <L surrounding the circle (L is the Thomas-Fermi (TF) radius). In the superfluid circle the total exciton density n t (R) exceeds a critical valueñ ∞ t corresponding to exciton temperature T . But the superfluid density n s (R) is proved (see details in [19, 35] ) to be higher than the universal jumpñ ∞ s for this temperature. In opposite, in the normal ring total exciton density n t (R) is smaller thanñ ∞ t and superfluid density is equal to zero n s (R) ≡ 0. In the circumference R = R s which is the boundary line of the superfluid circle and normal ring the local KT transition takes place on which the onset of pair vortex dissotiation and free vortex formation occurs. At the circumference R = R s the superfluid density jumps fromñ ∞ s to zero. As the temperature grows critical total exciton densitỹ n ∞ t increases. So, the superfluid circle shrinkes and the normal ring thickens. At the temperatureT ∞ c , at which the critical total density becomes equal to maximal total density in the whole trap n m t = n t (0), the superfluid circle disappears and the trapped exciton system undergoes a global transition to the normal state.
III. SUPERFLUIDITY OF 2D EXCITONS IN A LARGE-SIZE FLAT TRAP
In 2D homogeneous (flat) trap of sufficiently large size L the true, vortex-renormalized (VR), superfluid exciton density n s takes into account the renormalization ("screening") by all vortex pairs in the system, i.e., by vortex pairs with the separation less than L. So, VR superfluid density n s is expressed through "local", vortexunrenormalized (VU), superfluid density n l as follows
where ǫ(r) is vortex pair dielectric function [19, 36, 37] . In superfluid phase where there is a rare vortex pair gas the quantity ǫ(L) according to KT model [19, 36] obeys the equation
with the boundary condition
Here x = ln(L/r 0 ), r 0 is vortex core diameter (in CQWs r 0 is of order of the distance between excitons [38] ),
and C(a) is a (nonuniversal) constant depending on microscopical exciton superfluid properties; in 2D X-Y model it is equal to C(a) = π 2 ae −πa/2 . According to our numerical analysis of Eqs. (1)- (3), at low temperatures T (i.e., at large a; see Eq. (4)) VR superfluid density n s is close to VU one n l . As T grows the ratio n s /n l decreases. At a critical temperature T L c in sufficiently large traps (ln(L/r 0 ) ≫ 1) there is the crossover where rather sharp disappearance of the VR superfluid density takes place. The disappearance corresponds to the onset of pair vortex dissociation and free vortex formation [19] , superfluid state being destroyed.
Numerical integrating Eqs. (2), (3) yield the following expression for the superfluid crossover temperature for CQW excitons in 2D flat trap of size L: where n l (T L c ) is the VU superfluid density of 2D excitons at the crossover (at T = T L c ) and the quantityǫ L is calculated numerically. The fit
coincides excellently with the numerical calculation at large L (see below and Fig. 1 ); in Eq. (6)ǫ ∞ is the critical vortex pair dielectric constant in 2D infinite superfluid at KT transition, b and ∆ are nonuniversal quantities which, asǫ ∞ , depend on microscopical exciton system properties. In 2D X-Y model we obtainǫ ∞ = 1.134(9), ∆ = 2.(93)+∆ and b = 0.8(00). The quantity∆ =∆(L) determines the correctness of KT model, so, within KT model one must assume that∆ = 0. The numerical calculation of the width of superfluid crossover region, in which vortex pairs should begin to dissociate, yields the following estimation e∆ ∼ 1.
From Eqs. (5), (6) we conclude that the approach used takes into account the second order on the logarithmically small quantity 1/(ln(L/r 0 )+ ∆). Thus, our calculation is correct in the logarithmic approximation (ln(L/r 0 ) ≫ 1), i.e., for sufficiently large traps.
For the halfwidth of superfluid crossover region we obtain (see Eqs. (5) and (6)
Thus, the model adopted does not take into account effects in the crossover region (because ∆T For the completeness of the calculation of VR superfluid density n s and superfluid crossover temperature T L c in the flat trap one must calculate the dependence of VU superfluid density n l on temperature T and total density n t (see Eqs. (1), (4) and (5)). This calculation is realized in Refs. [38, 39] . In this Letter we make a simplification. Namely, for spatially indirect CQW excitons the strong dipole-dipole repelling results in a small thermal depletion of their VU superfluid density (not the condensate) throughout the superfluid phase (at T < T L c ) [38] . In a sufficiently large flat trap in which the conditionǫ L >ǫ ∞ /1.2 is hold [40] VU superfluid density n l thoughout the superfluid phase obeys to the inequality n t > n l > n * , where n * ≡ n l (T L c ) = (0.93 ÷ 0.98)n t for GaAs CQWs studied experimentally in Refs. [22, 23, 24, 25, 26, 30, 32, 33] ) and n * ≈ 0.9n t in Refs. [27, 31] . So, n l is close to the total exciton density n t (for pure CQWs) [38] . Thus, for spatially indirect CQW excitons we can assume VU superfluid exciton density n l to be approximately equal to total one n t throughout the superfluid phase
This permits not only to simplify Eqs. (1), (4) and (5) 
but also to perform a complete calculation of the VR superfluid exciton density. (In Eqs. (9) and (10) the quantity T 0 = 2π 2 n t /m is the degeneration temperature of the spin-polarized excitons; if the excitons are not spin-polarized and have g ex spin degrees, the real exciton degeneration temperature is 2π 2 n t /g ex m, this quantity is in g ex times less than T 0 ; g ex = 4 for GaAs.) At typical total exciton density (in all spin degrees [41] ) n t = 2·10 10 cm −2 and exciton mass m = 0.22m 0 (m 0 is free electron mass) [22] (6) and (10), degeneration temperature being equal to T deg = 1.26 K.
In Fig. 2 we show the temperature dependence of the (VR) superfluid exciton density in 2D flat trap. The temperature unit is KT temperature of the 2D infinite superfluid [35] 
(here, as in Eq. (10), we assume n l (T ∞ c ) = n t ; see Eq. (8)). We see that the superfluid density universal jump n ∞ s = 2mT ∞ c /π 2 = n t /ǫ ∞ is smeared out in a flat trap as compared to infinite systems. Besides smearing, the confinement affects in growth of the superfluid crossover temperature.
The dependence of superfluid crossover temperature T L c on trap size L are depicted in Fig. 1 . We see the fit (6) is much more better coincides with the exact KT-model numerical intergation of Eq. (2), than the Kosterlitz's renormalization group calculation [20] 
(although, in the strict sence, Eqs. (6) and (12) coincide in the logarithmic approximation).
IV. SUPERFLUIDITY OF 2D EXCITONS IN A LARGE-SIZE HARMONIC TRAP: THE GENERALIZED LOCAL DENSITY APPROXIMATION
The local density approximation for trapped excitons described in Sect. II is valid only if the total exciton density varies sufficiently slowly on both typical phonon and vortex scales of the trapped superfluid. But the typical vortex scales of 2D homogeneous infinite superfluid have the divergence near KT transition [20, 42] . So, close to KT transition the vortex scales cannot be much smaller than the (finite) trap size (TF radius)L. Moreover, at sufficiently low temperatures the density of (thermally created) vortex pairs is negligible throughout the trap except the narrow region near the boundary of the system. Thus, for more accurate description of the exciton superfluidity in 2D inhomogeneous traps the usual LDA must be modified.
The generalization of KT rare vortex pair gas theory for inhomogeneous systems is not a simple problem. Indeed, vortex charge q being proportional to square root n l (R) of VU superfluid exciton density n l (R) [19] varies as trap point R displaces. So, vortex pairs are no longer neutral dipoles. This result in an inapplicability, in the strict sense, of KT theory for a inhomogeneous case. However, this theory describes correctly the superfluid on the small length scales (much smaller than trap sizeL), on which the vortex charge varies slowly. On the scales of order ofL the integration of Eq. (2) must be effectively cutted off. But as in a flat trap, in a harmonic trap vortex properties depend logarithmically on the length scale. So, at sufficiently largeL (ln(L/r 0 ) ≫ 1) in the logarithmic approximation the exact value of the cutoff in integrating Eq. (2) is not impotant. This results in appearing a possibility to investigate quantitatively CQW exciton superfluid in a largesize harmonic trap with a logarithmically small error in the approximation which we will call generalized local density approximation (GLDA) for KT theory of weakly inhomogeneous systems. In GLDA, VR exciton superfluid properties in 2D large-size harmonic trap near to trap point R are replaced by ones in 2D flat trap with total density n t equal to total density n t (R) in harmonic trap, flat trap size L being of order of harmonic trap sizē L.
We obtain readily the exciton fluid in 2D symmetrical harmonic trap at low temperatures to divide in GLDA, as in LDA, into the superfluid circle
and normal ring
Here R L s is the superfluid circle radius in the harmonic trap of sizeL, and (see Eq. (10))
is (critical) total exciton density in 2D flat trap of size L ∼L, at which excitons undergo the superfluid crossover at temperature T . But near the circumference R ≈ R s , where n t (R) ≈ n L t , which separates the superfluid circle and normal ring, there is a narrow region of the local KT crossover, on which the onset of the pair vortex dissociation and free vortex formation is gradual. This is one of distinctions between LDA and GLDA.
The critical total density (15) grows with the exciton temperature. So, superfluid circle radius R L s drops, the superfluid circle shrinks, and the normal ring becomes wider (see Eqs. (13)- (15)). At the temperature (see Eq. (15)
at which the critical total exciton densityñ L t is equal to the maximal one in whole the trap n m t = n t (0) the excitons undergoes the global superfluid crossover where VR superfluid component vanishes (in contrast to LDA) gradually. AboveT L c there is no superfluid circle, so the trapped excitons are in globally normal phase.
We describe quantitatively the superfluidity of 2D CQW excitons in a large-size harmonic trap in GLDA for TF density profile [6, 38] 
where θ(x) = 0 if x < 0 and θ(x) = 1 if x > 0. In this case, we obtain in GLDA the following equations for superfluid circle radius R 
where ω o is the oscillator (trap) frequency, x o = /mω o is the oscillator length, N t is the total exciton number in the trap (in all spin degrees [41] ), and ζ ′ = µm/2π 2 n m t = const is dimensionless exciton chemical potential, which we assume to be independent of T and n m t . Local and global superfluid crossover halfwidths determining the correctness of the logarithmic approximation (and hence, GLDA), as in a flat trap, have the third order on the logaritmically small quantity, i. e.,
In Fig. 3 we show (VR) superfluid profiles for 2D harmonically trapped CQW excitons in GLDA and in LDA (see Fig. 3(a) ) at different temperatures belowT temperature unit is the global superfluid transition tem- (10) , (11) and (16)). VU superfluid profiles are presented in Fig. 3(b) for CQW structure (see, e. g., [12, 22] ) with exciton mass m = 0.22m 0 , dielectric constant ε = 12.5, and effective electron-hole layer distance d = 13.6 nm for trap center total exciton density being equal to n m t = 2.5 · 10 10 cm −2 [38] . One see the superfluid density on the superfluid circle boundary region to drop sharply far from the global superfluid transition (T ≈T L c ). Besides, there is little normal component in the superfluid circle at T ≈T L c (for a pure CQW structure). The latter fact is visually depicted in Fig. 3(c) , where the curve of the superfluid (normal) exciton number in GLDA quite merge with that of exciton number in the superfluid circle (normal ring).
Because the global superfluid crossover temperaturē T 
V. CONCLUSION
We have calculated the temperature dependence of superfluid density and the superfluid crossover temperature for 2D spatially indirect CQW excitons in a large-size flat trap as well as superfluid profiles and global superfluid crossover temperature for the excitons in a large-size harmonic trap. We reveal that harmonically trapped exciton system at low temperatures is divided into the superfluid circle (with superfluid component) and normal ring (without it). At their boundary there is the narrow crossover region at which the onset of vortex pair dissociation and free vortex formation takes place. The superfluid density goes rather sharply to zero in this region. As exciton temperature grows superfluid circle shrinkes to zero. This temperature corresponds to the global superfluid transition (crossover) in the harmonic trap. At this temperature the Bose condensate also disappears (details will be published elsewhere).
